THE POSITIVE MASS THEOREM AND PENROSE INEQUALITY 
FOR GRAPHICAL MANIFOLDS 
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^T , Abstract. We give, via elementary methods, explicit formulas for the ADM 

mass which allow us to conclude the positive mass theorem and Penrose in- 
equality for a class of graphical manifolds which includes, for instance, that 
ones with flat normal bundle. 

r*n ■ 1. Introduction 

[] ' A smooth connected n-dimensional Riemannian manifold (M n ,g) is said to be 
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asymptotically flat if there exists a compact subset K of M and a diffcomorphism 
$ : M \ K — > M" \ {\x\ < 1} such that in this coordinate chart the metric g(x) 
gij{x)dxi ® dxj, with x = (xi, . . . , x n ) G K" \ {|x| < 1}, satisfies 

»« - <% = 0(M-*) , g i jk = 0(\x\-*- 1 ) 
9ijki = 0(\x\'P- 2 ) , S=0(\x\-"), 



^. , at infinity, where |x| = \J x\ + . . . + x^ and <?jjfc, <7»jkj denote the partial derivatives 

Tj" ■ otgij, 

rn! (1) w* = ft? and **" = &?&?• 

■^i- ' for all 1 < i,j, fc < n. Here 5* is the scalar curvature, Sij is the Kronecker delta, 

f^ . and p > ^^ and q > n are constants. 

Definition 1.1. The ADM mass of a manifold (M,g) is the limit 



(2) rriADM = I™ — ; / (gtji — guj)vjdn, 

r^oo 2(71- 1)W„_1 7 Sr 



where S r = {x £ K™ | |x| = r} is t/ie coordinate sphere of radius r, dfi is the area 
0$ • element of S r in the coordinate chart, u> n —i is the volume of the unit sphere Si 

and v = (v\, . . . , v n ) = r x is the outward unit normal to S r . Henceforth, all the 
repeated indices are being summed as usual. 

It is worthwhile reminder that definition ll.ll was given [T] by the physics Arnowitt, 
Deser and Misner, for the tridimensional case, and Bartnik [2] proved that for an 
asymptotically flat manifold the limit © exists and the definition of the ADM mass 
of g is independent of the choice an asymptotically flat chart $, hence the ADM 
mass is an geometric invariant of (M,g). The positivity of the ADM mass in all 
dimensions is a long-standing question and a pillar of the mathematical relativity. 
In a seminal work, Schoen and Yau |16| gave an affirmative answer for the tridi- 
mensional case. In a follow-up paper, they also proved for dimensions 3 < n < 7 
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(see |17j). For manifolds that are conformally flat or spin affirmative answers are 
given by Schoen-Yau [18] and Witten [21], respectively. The Riemannian positive 
mass theorem can be stated as 

Theorem A ([T6] [TTl [TH [21]). Let M n be an asymptotically flat manifold with 
nonnegative scalar curvature. Assume that M is spin, or 3 < n < 7, or M is 
conformally flat. Then the ADM mass is positive unless M is isometric to R n . 

The Riemannian Penrose conjecture asserts that any asymptotically flat manifold 
M with nonnegative scalar curvature containing an outermost minimal hypersurfacc 
(possibly disconnected) of area A has ADM mass satisfying 

1 ( A 

(3) m ADM > - 

2 \UJn-l 

Furthermore, the equality in ([3]) implies that M is isometric to the Riemannian 
Schwarzschild manifold. We want to point out that this inequality was first proved 
in the three-dimensional case by Huisken and Ilmanen [11) under the additional 
hypothesis that E is connected. Bray [3] proved this conjecture, still in dimension 
three, without connectedness assumption on E. For 3 < n < 7, this conjecture was 
proved by Bray and Lee [4], with the extra requirement that M be spin for the 
rigidity statement. The Riemannian Penrose inequality can be stated as 

Theorem B ( |11| (3 [4]). Let M n be an asymptotically flat manifold with non- 
negative scalar curvature. Assume that 3 < n < 7 and there exists an outermost 
minimal hyper surf ace EcM with area A. Then 

Tl — 2 

1 / A 
mADM > -x 



2 \W n -l 

Moreover, under the hypothesis that M is spin then the equality occurs if and only 
if M is the Riemannian Schwarzschild manifold. 

Recently, Lam [13] obtained an elementary and straightforward proof of the 
positive mass theorem and the Penrose inequality for codimension one graphical 
manifolds, which was extended in some sense to hypersurfaces by Huang and Wu 
in [HI [9j [TD] and, for more general codimension one graphs, by de Lima and Girao in 
[HE]. This paper deals with graphical manifolds with arbitrary codimensions. We 
give here, via elementary methods, an explicit formula for the ADM mass which 
allow us to conclude the positive mass theorem and Penrose inequality for a class of 
graphical manifolds which includes, for instance, that ones with flat normal bundle. 
We bring to the fore that graphical manifolds with flat normal bundle are subject of 
study in several recent works, see for example [12j . [20] . [T5] and references therein. 

To enunciate our theorems we will start with some notations and definitions. 

Definition 1.2. A C 2 map f : W 1 \ n ->• R m , where SI C R™ is a subset, is 
said to be asymptotically flat if the scalar curvature S of the graph of f endowed 
with the natural metric is an integrable function over R™ and moreover the partial 
derivatives ff = -J— and ff- = -~ — £ — satisfy 

\f?(x)\=0(\x\-i); l/gOr)! =0(N-i- 1 ); 
at infinity, for all a = 1, . . . , m and i,j,k = 1, . . . , n, where p > (n — 2)/2. 
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Let M = {(x,f(x)) | x £ R™} be the graph of an asymptotically flat map 
/ : R™ — > R m endowed with the natural metric. The vectors di = (ei,/j Q e a ) form 
the coordinate vector fields and the vectors r/ a = (—Df a ,e a ), where Df a denotes 
the gradient vector field of f a , form a basis of the normal bundle of M. Here ei and 
e a denotes the canonical vectors of R n and R m , respectively. The natural metric 
g = gijdx 1 ® dx 3 of M is given by 

(4) ga = 6a + f?ff, 

hence g tj = 0(\x\~ p ) and g ljk = 0(\x\^ p ^ 1 ). 

By abuse of notation, let us consider that the functions f a are also defined 
on M by identifying f a = f a o w, where n : M — > R n is the natural projection 
ir(x, f(x)) = x, for all x £ R". The gradient vector field of f a : M — > R satisfies 

(5) Vf a = 9 Jk fZd j , 

where the matrix (g 13 ) denotes the inverse matrix (g^ ) _ l . 

Let S : R" ->• R be the scalar curvature of M and S 1 - : R" -^ R the function 
given by 

(6) S ± = (R ± (Vf a ,Vf)r l e,r ] a ), 

where R denotes the normal curvature tensor of the submanifold M C M. n+m . 

In the three theorems below, we will state explicit formulas for the ADM mass. 
As consequence, we will derive the Riemannian positive mass and Penrose inequal- 
ities for graphical manifolds with flat normal bundle. 

Theorem 1.1. Let M n be a graph of an asymptotically flat map f : R" — > R m 
endowed with its natural metric g = g^dx 1 ®dx 3 . Then the ADM mass of M satisfy 

m ADM = V( \\ / (S + S x )-^=dM, 

2{n-l)u n -xJ M VG 

where G is the determinant of the metric coefficient matrix (gij). 

Theorem 1.2. Let fi C R™ be a bounded open subset with Lipschitz boundary dQ. 
Let f : M. n \ fi — > R m be an asymptotically flat map. Assume that f is constant 
along each connected component of £ = dil. Let M be the graph of f with its 
natural metric. Then, 

mADM = T( \, ( f (S + S^-^dM + f WJ? H s dZ 

2(n - l)u n -i \Jm VG Js 1 + \ D J\ 

where \Df\ 2 = iDf 1 ] 2 + . . . + \Df m \ 2 and H^ is the mean curvature of the hy- 
persurface S in the Euclidean space R™ in the direction to the unit vector field v 
pointing outward to O. 

Theorem 1.3. Let il C 1" be an open subset. Let f : R"\f2 — > R m be a continuous 
map that is constant along each connected component of the boundary E = dQ and 
asymptotically flat in R' 1 \ Cl. Assume that the graph M of f extends C 2 up to 
its boundary dM . Assume further that lim l: _j.ao S 1 " = and, along each connected 
component £; of dM, the manifold M is tangent to the cylinder £ x li, where £i is 
a straight line of R m . Then, 

i ( r ,„ „,> i 

mADM 



2(n - l)w„_ 



f {S + S ± )-^dM+ /iJ s dS 
Jm vG js 
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where -ff E is the mean curvature of the hypersurface £ C R" in the direction of the 
unit vector field v pointing outward to fi. 

As a consequence of Theorem 11.11 it follows the Riemannian positive mass in- 
equality for graphs whose normal fiber bundle is flat. More specifically, 

Corollary 1.4. Let M n C W l+m be the graph of an asymptotically flat map f : 
R n — > M. m endowed with the natural metric. Assume that M has nonnegative scalar 
curvature and flat normal fiber bundle. Then the ADM mass of M is nonnegative. 

Now we will state a Penrose-type inequality for graphs manifolds with arbitrary 
codimcnsion. Following [10J closely, we can use the following Alcxandrov-Fcnchcl 
inequality due to Guan and Li [7] and an elementary lemma. 

Proposition 1.5 ([7]). Let Q c K" be a star-shaped domain with boundary 50 = S. 
Then, 

n.-2 

(7) w, \ [ HvdX>U— 

2(n- l)w„_i J E 2 \w„_i, 

where iJ s is the mean curvature of the hypersurface E C R™ in the direction of the 
unit vector field v pointing inward to fi. Furthermore, the equality in {?!) occurs if 
and only if £ is a sphere. 

Lemma 1.6 ([10]). Let a\,--- ,ak be nonnegative real numbers and < /3 < 1. 
Then, 



k / k 



If < /3 < 1, the equality holds if and only if at most one of ai is non-zero. 

The theorem 11.31 the proposition 11.51 and the lemma 11.61 allow us to conclude 
our main result 

Theorem 1.7. Under hypothesis of Theorem \1.3l we assume that M has non- 
negative scalar curvature and flat normal fiber bundle. Assume further that each 
connected component of f2 is star-shaped. Then, 

(8) m A DM > ;: 



2 \0J n -l 

where |E| denotes the total volume o/E. Furthermore, the equality in (0) implies 
that the scalar curvature S is identically zero and E is a sphere. 

Some questions arise in this paper: 

a) Can we obtain an isometric immersion theorem, in the sense of the Nash 
theorem, so that an asymptotically flat manifold is a graph in arbitrary 
codimcnsion? If yes, is it possible in such way that the normal fiber bundle 
is flat? 

b) Can we obtain the rigidity in the theorem 11.71 ? We believe that extensions 
of the works of Schoen [15] and Hounie-Leite [M] to submanifolds can bring 
an answer to this question. 
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2. Preliminaries 

We assume the notations in the previous section. Let U — (U a p) be the non- 
singular matrix given by 

U a p = {v a ,Tf) = 6 a f i + {Df a ,Dff i ) 

and (U alB ) = U^ 1 its inverse matrix. Using that V^yy" = r/f = (— Df" , 0), we 
obtain that {V dl if,d ) = -/£ and {V dl if,if) = (D/f ,DfP). Thus the shape 
operator A a with respect to the normal vector rj a and the second fundamental form 
B satisfy 

(9) A a d % = -(V di V a f=M9 kj df, 

By Gauss Equation, the curvature tensor R of M satisfies 

Rilkj = (Rfatydivdj) = (Bfadj), B{d h d k )) - {B{d^d k ),B(d u d 3 )) 

Thus the scalar curvature 5 : R™ — > M of M satisfies 

(10) S = g^g kl R ak] = flV^ Q/? (/£/£ - /&$). 
We will prove the following 

Proposition 2.1. XTie scalar curvature S : R" — > R o/ i/ie graph M and the 
function S 1 - = (i? _L (V/ Q , ^f)ij^,i] a ) as given in §B\j satisfy 

S + S ± =W -X, 

where X : R ra — > R ra is the vector field given by 

(11) X = (U^(ffm - /£/£) + U^U^(DP, Af£)(/f /£ - /£/f )) e,. 

Before we prove Proposition 12.11 we will need some preliminaries. For our pur- 
poses it is convenient to write Mij = Sij — g lJ . It is simple see that 

Lemma 2.2. Under the notations above, the following items hold: 
(I) ffU"? = /jV*; 
(II) M tj = f?fZg k i = f?f?U<*P; 
(III) 3 (V/ a ,V/^ = ^-^. 

Proof By Q we have that 

//s« = //(*« + ftf°) = f! + /rw", ^n = /f + /"(t^s - <w) - /r u aP . 

Thus, Iterr j(I)| follows by multiplying both sides by g^U* 1 *. Again using (0| we have 
that S tj = g lk g k i = (S ik + f?f?)g kj = 9 ij + f?f?g k] - This together Item pimply 
that ff « = % - /f/ fe V j = % ~ /f //#*», hence M, ; = /f/jfa*' = /f ffu^ a , 
hence Item | (II) | holds. Now, by ©, we obtain 

j(v/ a , v/*) = ff «/?/f = (<% - c/w/7/;)/f // 

= (Df a ,Df) - U^(DP,Df a )(Dr,Df) 
= (Df a ,Dn(S lP ~ lP"(Utf - &tf)) = (Dr,Dp)U^ 
= {U aj -6 aj )U^ = 5 a p-U a0 , 
We obtain Item | (III)] Lemma l2~2l is proved. □ 
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The following result is useful to prove Proposition ^. II 
Lemma 2.3. The following items are true: 

(i) M«tf a/9 (/£/s - fLffi) = u afi (f?m - ft/tin 

(ii) S tJ M kl U^(f^fki - fUfi) = SMjU^tf&Z - /&/#; 
(in) 28 ij M kl U^{f^ l -fiff l ) = -Uf{tff% k -f k fg)-U^U^{np,Df>t)F^ k ; 
(iv) MjiMiaV^Uys - fif%) = U^U^U^(Dr,Df?){Dr,Df k )Ff k a ; 



where F A 



pa 



fitt-fjfandF^^-tFf: 



Proof. Item (i) follows from the fact that /£/& - /£/£ = (/*/& - /£/, 



Since U a P^ U^ a we have that 
6mM ij U a t > (f? j ffi-fg t fi) 



ikJf 



SijMuiU^mftj - U^ffji) 



which proves Item (ii) 

By using Item (II)| of Lemma 



SijMkiU^if^i-ffkfii) 



we obtain 

= flf?u^u a \fifl 



ffS ra\ 
JikJil) 



Ikl Jik-i 

= u^u^(fif2mft-fkif7fkift) 
= u^u^ttffiflfz-fif?) 

= u^u^fif^{f kk fr-fLfk) 

(12) = U a W^(Df7,Dn{tff% k -f k fg). 
Since £/ Q7 LV = 5 afi it follows that U? 7 = -U^U^U^i, hence 

(13) U a ~<U^(Dr,Dtf) = - Uf - U^U^iDf^Df*). 



pdn 



eP - 



eP - 



p/», 



/? 



It is easy to see that if fe « = (/f /£ - /£/? ) fc = (/?/& - /£/fi) - (/f /£ fc 
Thus we obtain 

U a ->U^(DP, Dtf)(tffg k - /£/£) = U°"yU^(Dp, Dp)F^ k 

+ U a '<U^{Df\Df!;)(pf kk 

(14) 



Jk Jik) 



fkf? k ) 



By using (|13j) and (fbfj) we obtain 
(15) 



= U a ^U^{DP,Dft)Ff k a k 

+ U^U*~>{DP, D/7)(/f /ft - /£/£). 



rjaP/ j./3 m fP fa\ 

u i Ui Jkk ~ Jk Jik) 



Using (fl~2|) and (fl~5|) we obtain 



^ aP (f^fki 



26 ij M kl U^(f? j f l 



fP fu\ 
JikJjl) 



- U^U^{Df\Dp){fPp k - f k f? k ) 

-u^tffSk-ftfs,) 

-U a ~<U^(Df\Df?)Ff k a k 

_ u^u^Df^ D/7)(///ft - /£/£). 

ufilUtk - fkftk) - U^U^(DP,Dft)Ff k a k 



fc.fc' 
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which proves Item (iii) 

Finally, again using Item |(II)| of Lemma 12.21 we have 

M ij M kl u a f i (fi i f&-f5 c f8) - nft^finv ev u a \fyti-fLfTo) 

= U^U e »U a P(D.r, Dfi)(Dr, Df£)flf k 

- U"" i U e "U ae *(Df> i , Dff){Df°,Df?)f7ff 
= U^U 6 "U aP {Df^, Df?){Df v , Df%)fyf k 

- U^U v6 U^(Dp, Dfg)(Df, Df? )fff 6 k 
= U 1 ^U 6,J U al5 {Df' 1 ,Df^){Df v ,Df^)F^ 

= U p >*U a "U e ~<(DP,Dp)(DP,Dfj>)Ff k a . 
We conclude Item (iv) Lemma [231 is proved. □ 

Now we will prove Proposition 12.11 By using ([TO]) , we have that S = (Slj — 
M l3 ){5 kl - M kl )U a P(f^f^ - faffi). Thus, by Lemma [H we obtain 

+U?(f!f%k " fkftk) + U^U^(Df\ Dft)Ff k a k 
+ U av U^U 6 i(Df> 1 ,Df?)(Df v ,Df% : )F? k a 

(16) = (C/^(/f /& - f k fg) + U a W^{Df\ Dfg)F^)i + V^Ff k a , 

where V^f is given by 

(17) V z a / = U av U^U^{Df»,Dp){Df,Df k ) - {U^U^{Dp \Dtf)) k . 
It holds that 

Lemma 2.4. VfifFg" = (^(V/ 7 , V P)^ ,rp) . 
In fact, by using ^ it follows that 

g^di, A^d k ) = ftf'fl = fSfl(Sir - v* v Kfi) 

(18) = (Df?,Dft) - U ev (Df?,Dr)(DflDf). 

Now, by (I7|) and using that U? fj = -U a "'U ?tl U 1 ^ r , wc obtain 
y.f = U^U^U^iU^ - (Dff, DP)){Df v ,DfH) - U^U^(DP,Dft) 
-Uplift" {Dp ,Dff) - U^U^iDf^Dtf) - U ar 'U p > l {Dp,Df$ t ) 
= -U av Uf e (Df,Df^) - U av U^U^{Df^Dp){U v6 ,k - {Dp, Dp)) 
-U^U^(Dp,Dtf) - U a ~<U^(DP,Dp) 
-U^U^iDf^Dtf) - U a ~<U ( ^{DP,Df? k ) 
= -C°£ + U^U^ipft, DP) + U av U^U 01 {Df^ DP)(Dp,Df) 

-U k ~«U^(Dp,Dp) - U a ^U^(Dp,Dp) 
= -°tk + U av U^U e ~<{Df^ DP)(Dp,Df) - U ai U^{Dp k ,Dp), 
where C" k is given by 

C*f = U au U^ e {Dp,Dfl) + U a ^U^(Dp,Dp) + U^U^{Dp,Dp k ). 
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Note that Cf)f = C%f . Since F^ = -F^ a we obtain that C?£f?£ = 0. Thus, by 
using that V/ Q = U ai f?di, it follows from (fT8| and Ricci's equation that 

= -(3(#(V/"),^(Vr))- S (#(Vf),^(V/"))) 

= -(^(v/^vfx,^), 

which together with (jT6j) concludes the proof of Proposition l2.il 

3. Proof of Theorem 11.11 

Since / = (f 1 , . . . , f m ) : R" — \ R Tn is an asymptotically flat map it holds that 
If = 0(\x\- p / 2 ) and fg = O^-pI 2 - 1 ), for aU i, k = 1, . . . ,n and a = 1, . . , m In 
particular, U ai tends to <5q, 7 when \x\ —¥ oo. Furthermore, using [(IT)] and [(III)] we 
have that U aP - 8 a p = -g(V/ Q ,/' 3 ) = U a ^{Dp,DfP) = 0(\x\' v ). This implies 

(u aP - ScMtfm - f k m = o(\x\- 2 p~ i ) 

and 

U^U^(Dp,Df£)f?fl! = Odsl"*" 1 ). 
Since p > (n — 2)/2 we have that 2p+l>n— 1 = dim S r . Thus we obtain 

(20) hm / E/^(/fm-/£/f fc )^= lim / (/f/& - /£■/£)£ 
and 

(21) lim / U^U^{Dp,Df^)(f9f^ - /«/f) = 0. 

Furthermore the function S 1 - = {R ± (\/f a , Vf^,r] a ) e 0(|x|- 2 p~ 2 ) since, by 
([TO]) and (fTBj) . it is expressed by 



(22) ^ = U^U f ^((Dfl Dft) + U 9 »(Dff, D f) (D '# , D /«»(/? /£ - /f /£). 

Since 2p + 2 > n it follows that 5 1 - : M" — >• M is intcgrable. We recall also that, by 
hypothesis, the scalar curvature function S : R n — >• M is intcgrable. 

Since gkik — 9kk% = fffkk ~ fkfik-* ^ follows from Proposition 12.11 together with 
([20]) . ([2~T]) and the divergence theorem, that 

/ S + S 1 - = lim ( (X,£-)= lim / iftm-fkfS.)^ 

= 2(n-l)u n -imADM- 
Theorem O follows from the fact that J Rn S + S ± = J M (S + S^)^dM. 

4. proof of Theorem 11.21 

Let v : dQ. — > M. n be the unit vector field orthogonal to d£l pointing outward to 
fi. Let H 11 = — divijr.^ be the mean curvature of E = d£l seen as a hypersurface of 
the Euclidean space M. n . 

Since each connected component of E is a level set of /", for all a, it follows 
that the gradient vector field Df a is normal to E, hence 

(23) D.f a = {Df a ,v)v inE. 
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In particular, Df a and Df@ are linearly dependent which implies that 
(24) ftfS-fkfi =(W 3 A£»/ Q )e i ,e fc )=0 in E, 

for all a, f3 = 1, . . . , n. Here, " A " : R" x 1" -> (R™)* is the skew-symmetric tensor 
given by (u A v)w = (v, w)u — (u, w)v, for all u,v,w € R™. 
Using (HID; (EH) and (glj we obtain 

(25) {X,u) = v^vtfk-ftf&y 

= U^(Af a (Df,y)-}ie SSfa (Df^)) 
By a simple computation we have that 

(26) A/ Q = A s r + Hess/a(^)-tf s fc^D 

Using that / Q is constant along E it follows that A s / Q = and Df' 3 = {DfP,v)v 
in E. Thus, by (J25J) and ((261), we obtain 



(X,!/) = U a P{ness fa {v,v){Df,v)-K.ess fa {DfP,v)-H*{v,Dr){Dft 3 ,v)) 

(27) = -U a/3 H Y: ^,Df a )(Df l3 ^)=-U aP H^(Df a ,Df 13 ) 

Again using (f2"3")l , we write -D/ Q = A Q ^, in E, where A" = (Df a , v). In particular, 
U a p = 5 a p + \ a \P, inE, for all a, /3. This implies that [/ Q/3 = 5 Q/3 - A Q A /3 /(l + |A 2 |), 
in E, where |A| 2 = \Df\ 2 = (A 1 ) 2 + . . . + (A m ) 2 . Thus, in E, it holds 

(28) U a ^(DP,Df a ) = t/ Q7 A Q A 7 = (d aj9 - A °^ |2 )A a A /3 - 



1 + |A| 2/ 1 + IW 

As in the proof of Theorem 11.11 using that / is an asymptotically flat map we 
have that lim r ._j. 00 J„ (X, t|t) = 2(n — l)w B _imADM- By Proposition 12.11 and the 
divergence theorem, we obtain from (|27|) and (|28|l that 



l^/l 2 „= 



(29) f S + S 1 - = hm f (X,^) + f(X,u 



Theorem II. 21 is proved. 



2(n - V)U)n-imADM - J 1 + \ D f\2 H 



5. proof of Theorem 11.3 



Let A : R m — > R m be an isometry that transforms the straight line £ into 
the vertical line A(£) = {(t,0,...,0) £ M m | t G R}. Consider the map / = 
A o / : R" \ il — > R m and let Ma be the graph of / with its natural metric. Since 
Cp{x) = (x,f(x)) = (x, f a (x)e a ), where e a = Ae a , we obtain that Ma is isometric 
to M. This implies that the ADM mass and scalar curvature of Ma coincides with 
tuadm and S, respectively. Furthermore, by (|22[) . we also obtain that the normal 
function S^ (as defined in (|6])) coincides with S . Thus, without loss of generality, 
we can assume that the straight line £ = Mx {0}c R m . 

First we claim the following 

Claim 5.1. For all 7 e {l,...,m} and xo € E it holds that lim 2; _ >2 ; Vf J (x) = 
±(0, <5i 7 ei). In particular, lim^^s U a ° = 8 a p — 5ia&ip, for all a, /3. 
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In fact, we fix xo € S. First we assume, by contradiction, that lim x ->x V/ Q = 0, 
for all a. By Item [(I!!)] of Lemma E2 we have that U afi = 8 afi - g(V/ Q , Vp). 
Thus we obtain 

(30) lim U af3 = 5 a g, 

X—¥XQ 

for all a, /3. Using that d t = fatfep), Vp = W a pd l and g{Vp,Vp) = 
U~< a (Df a ,DfP) we have 

(31) = (U^Dp,g(VP,Vf)e p ). 

Consider ■n l 1 ir 2 : R™ x M m — > K™ the orthogonal projections 7r 1 (a;, y) = a; and 
7r 2 (a;, y) = y. By ((30]) and §^ we have 

0= lim irl{Vf a )= lim U afi Dp i = lim L>/ Q , 

for all a. Thus the graph of M is tangent to the plane W 1 x {0}, along dM. This 
is a contradiction. Thus, we can set 1 < 7 < m so that lim sup ;r _ i . ;ro |V/ 7 | > 0. 

Using that M is tangent to the cylinder Ex(Rx {0}) along £ = dM we obtain 
that the vector 77 = (0, ei) is tangent to M and normal to dM, hence it is a conormal 
vector field along dM. Since each connected component of £ is a level set of /", 
for all a, and M extends C 2 up its boundary, it is easy to see that, for all a, either 
lim^ |V/"| = or rmw XQ V/"/|V/"| - ±r?. By using (E), that 77 = (0,ei) 
and that lim^^a;,, V/ 7 /|V/ 7 | = ±77 we obtain 



(32) ±ei = lim 7r 2 (V/ 7 /|Vr|) = lim 5 (V/ 7 /|V/ 7 |, V/^) e/3 . 

2;— heq x— >xq 



L ,r 2 r^7/7/i^7/7h = lim ^Y7n/iY7m \7f^ 

2;— Heq 

This implies that 

^ lim x ^ Xo5 (V/ 7 /|V/ 7 |,V/' 3 ) = 0, for all (3 ^ 1; 

1 j lim^ :co5 (V/V|V/ 7 |,V/ 1 ) = ±l. 

If we assume that lim sup^.^^, IV/^I > 0, for some (3 ^ 1 then, by (f3"3"]l. we obtain 

= lim. 9 (V.r/|V/ 7 |,V/' 3 ) = limsup. 9 (V/ 7 /|Vn,Vr/|V/^|)|V/^| 

= ±9(77,77) limsup |V/ /3 | = ± lim sup |V/^|, 

x— >Xq x^txq 

which is a contradiction. Thus, it holds that 

(34) lim V/' 3 = 0, for all /3 ^ 1, 

We conclude that 7=1, which implies that ±77 = linxj;-^ V/ 1 /!^/ 1 !- Moreover, 
again using ([33]), we obtain that lim^s \Vp\ = lim. T ^ s .g(V/ 1 /|V/ 1 |, V/ 1 ) = 1. 
This implies that lim a ,_ i . a , V/ 1 = ±(0, ei). Claim UTTl is proved. 
The following claim follows as a consequence of Claim [5Tl 

Claim 5.2. lim x _>s Df a = 0, for all a ^ 1, and lim x ^ s \Dp\ = +00. 

In fact, it follows from (J3JJ together with Claim O that lim^s U ia Df a = 0, 
for all 7. Thus, since 1 = lim x ^. s s(V/\ V/ 1 ) = lim^s U la {Df a ,Df 1 ) we have 
that lim^^s l-D./" 1 ! = +00. Claim [5721 is proved. 

Let F k = (p' k , p k , . . . , f m ' k ) : R n \ Cl -)• K m , with fc = 1, 2, . . ., be a sequence 
of smooth maps satisfying: 

(i) F k coincides with / outside a compact subset containing E; 
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(ii) F k = everywhere in E and moreover the map (f 2,k , . . . , / m;fe ) vanishes in 
a neighborhood Uk C R n \fi of the boundary dVt with £™-measure \Uk\ — > 0, 
when k — >• oo; 
(iii) if Mfe is the graph of fk with its natural metric then the closure M& con- 
verges to M with respect to the C 2 -topology. 

Note that Theorem O applies for F k : R™ \ O -» M m . By using |(i)j the ADM- 



mass of Mfc coincides with the ADM-mass of M. By using (iii) and (flu]) , for all 
x G R™ \ f2, the scalar curvature Sfc : R n \ fi — ► R of the graph Mk satisfies 
linife-j.oo Sk(x) = S(x). By using (|22|) . we have that Sfc converges to S 1 - in R™ \ Cl. 
By using |(ii)| the function S^r vanishes in a neighborhood of E = dfl, hence S^ also 
converge to S 1 - in the points of E. We obtain that Sk + S^r converges uniformly to 
S + S 1 - in R" \ Q. Thus, by Theorem we have 



A- 12 



1 If f I Df 1 ' 

TUADM = 777 7T lim / (Sjfe + Sk) + / : ; rFTTTfeTo ^ 

2(n - l)w„_i fc^oo W K „\n 7s 1 + l^^l 2 



1 



2(n- l)w„_i yy Rre \o 
Theorem II. 31 is proved. 



(^ + S' ± )+ /// s 



Aknowledgement 

The author are very grateful to Professor Fernando Coda Marques for your 
suggestions and comments. 



[l 

[2 

[3 

[1 

[5 

[6 

[• 

[8 
[9 

[10 

[U 
[12 
[13 

[11 



References 

Arnowitt, R., Deser, S. and Misner, C, Coordinate invariance and energy expressions in 

General Relativity, Phys. Rev. 122 (1961), 9971006. 

Bartnik. R., The mass of an asymptotically flat manifold, Comm. Pure Appl. Math. 39 

(1986), 661693. 

Bray, H. L., Proof of the Riemannian Penrose inequality using the positive mass theorem. J. 

Differential Geom. 59 (2001), no. 2, 177 - 267. 

Bray, H. L. and Lee, D. L., On the Riemannian Penrose inequality in dimensions less than 

eight. Duke Math. J. 148 (2009), no. 1, 81 - 106. 

de Lima, L. and Girao, F., The ADM mass of asymptotically flat hypersurfaces. To appear 

in Trans. A.M.S. arXiv:1108.5474. 

de Lima, L. and Girao, F., A rigidity result for the graph case of the Penrose inequality 

arXiv:1205.1132. 

Guan, P. and Li, J. The quermassintegral inequalities for k-convex starshaped domains Adv. 

Math. 221 (2009), no. 5, 1725-1732. 

Huang, L.-H. and Wu, D., Hypersurfaces with nonnegative scalar curvature. arXiv:1102.5749. 

Huang, L.-H. and Wu, D., Geometric inequalities and rigidity theorems on equatorial spheres 

arXiv:1104.0406 

Huang, L.-H. and Wu, D., The equality case of the Penrose inequality for asymptotically flat 

graphs. arXiv:1205.2061. 

Huiskcn, G. and Ilmanen, T., The inverse mean curvature flow and the Riemannian Penrose 

inequality. J. Differential Geom. 59 (2001), no. 3, 353 — 437. 

Jost, J. and Xin, Y. L., Bernstein type theorems for higher codimension, Calc. Var. Partial 

Differential Equations 9 (1999), no. 4, 277 - 296. 

Lam, M.-K. G., The Graphs Cases of the Riemannian Positive Mass Theorem and Penrose 

Inequalities in All Dimensions. arXiv:1010.4256vl. 

Hounie, J. and Leite, M. L., Two-ended hypersurfaces with zero scalar curvature. Indiana 

Univ. Math. J. 48 (1999), no. 3, 867 - 882. 



12 



H. MIRANDOLA AND F. VITORIO 



[15] Schocn, R., Uniqueness, symmetry, and embeddedness of minimal surfaces. J. Diff. Gcom. 

18 (1983), no. 4, 791 - 809. 
[16] Schocn, Ft. and Yau, S.-T., On the proof of the positive mass conjecture in general relativity. 

Comm. Math. Phys. 65 (1979), no. 1, 45 - 76. 
[17] Schocn, R. and Yau, S.-T., Proof of the Positive Mass Theorem II, Comm. Math. Phys. 79 

(1981) 231 - 260. 
[18] Schocn, R. and Yau, S.-T., Conformally flat manifolds, Kleinian groups and scalar curvature. 

Invent. Math. 92 (1988), 47 - 71. 
[19] Smoczyk, K.; Wang, Guofang; Xin., Y. L., Bernstein type theorems with flat normal bundle. 

Calc. Var. Partial Differential Equations 26 (2006), no. 1, 57 - 67. 
[20] Wang, M.-T., On graphic Bernstein type results in higher codimension. Trans. Amer. Math. 

Soc. 355 (2003), no. 1, 265 - 271. 
[21] Witten, E., A New Proof of the Positive Energy Theorem, Comm. Math. Phys. 80 (1981) 

381 - 402. 



Heudson Mirandola 

Universidade Federal do Rio de Janeiro 

Instituto de Matematica 

21945-970 Rio de Janeiro-RJ 

Brazil 

mirandola@im.ufrj .br 



Feliciano Vitorio 

Universidade Federal de Alagoas 

Instituto de Matematica 

57072-900 Maceio-AL 

Brazil 

f eliciano@pos .mat .uf al .br 



